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Abstract. A detailed analysis and optimization of piezoelectric devices, which nowadays are 
of widespread use in electronic applications, requires numerical analysis. Numerical models 
based on the Finite Element Method (FEM) have already been proposed in literature. The Finite 
Integration Technique (FIT) provides stable and consistent discretization schemes for coupled 
multiphysics problems. A FIT formulation with unstructured meshes, for 2-D/3-D coupled 
electromechanical static or dynamic problems, is presented. Piezoelectric bimorph cantilevers, 
with a realistic multilayered geometry, can be analyzed. Comparisons with FEM show the 
validity and the accuracy of the method.   
 
1 INTRODUCTION 
Piezoelectric materials are nowadays of widespread use for producing actuators, sensors, 
and energy harvesters for feeding ultra-low power electronics [1]. Analytical models are 
well-assessed and important tools for designing and optimizing piezoelectric devices [2]. 
Lumped circuit models are derived for instance in control applications [3]. Non ideal conditions 
like clamping setup, local variations in geometry and material properties, and residual stress 
may significantly affect the device performance, and in particular its resonance frequency. 
Accurate numerical electromechanical 3-D coupled models are thus required. The FEM 
analysis of piezoelectric structures is thoroughly documented in the literature [4]. In particular, 
thin-plate finite elements were proposed to limit the amount of problem unknowns [5].  
The Finite Integration Technique or, equivalently, the Cell Method (CM) are numerical 
techniques, which provide field equations directly in algebraic form, thus suitable for computer 
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coding [6,7]. These are alternative to FEM because the field problem is formulated in a 
circuit-like manner in terms of degrees of freedom (DoFs), i.e. volume and surface integrals of 
vector fields and scalar potentials. This feature is suitable for modelling multiphysics problems, 
where different types of couplings occur. A coupling between different physics is provided in 
[8] by solving an electro-thermal problem with CM. In [9] different computational domains, 
which can be discretized independently, are matched by a CM formulation. An example of 
coupling between different numerical methods, e.g. the CM and the Boundary Element Method 
(BEM), is finally provided in [10]. The extension of FIT and CM to elastic problems has been 
more complex due to mathematical structure of elasticity, inherently different from 
electromagnetic problems. A first attempt of CM elastic formulation was proposed by Tonti in 
[11]. The role of topological operators in elasticity was evidenced in [12]. Finally, CM 
formulations for multiphysics problems including elasticity were proposed in [6,7,13].  
The basic idea here is to extend this algebraic approach for analysing piezoelectric coupled 
problems, where the elastic problem is coupled to the electrostatic problem via constitutive 
relationships.   
2 FIT PIEZOELECTRIC FORMULATION 
Let Ω ∈ ℝ𝑑𝑑 (𝑑𝑑 = 2, 3) be a piezoelectric body with boundary Γ = ∂Ω. The response to 
external body-surface forces is ruled by dynamic equilibrium and compatibility equations, 
which exhibit a more simple representation when the small displacement assumption holds true. 
This condition is well verified in typical piezo-mechanical applications like energy harvesters, 
actuators, and sensors. Similarly, electrostatics is governed by curl-free constraint and charge 
conservation. These equations are complemented by local piezoelectric relationships: 
 
Tij = cijkh
E  Skh − ekijE
k,                                                        (1) 
Di = eikhS
kh + εik
S Ek,                                                           (2) 
 
where Tij, Skh are the stress and the strain tensors, Di, Ek are the electric displacement and 
electric fields, and cijkhE , eikh, εikS  are the elastic, piezoelectric, and dielectric tensors. In (1) and 
(2) the Einstein summation convention is implicitly assumed.  
In FIT formulations problem variables are DoFs defined on geometric entities like points, 
lines, surfaces, and volumes. The computational domain is first meshed into tetrahedrons so 
that a primal grid 𝒢𝒢Ω with 𝑁𝑁 nodes and 𝐸𝐸 edges is built. Dual grids ?̃?𝒢Ω and ?̃?𝒢Γ are defined on Ω 
and Γ by taking the barycentric subdivisions of primal grids 𝒢𝒢Ω and 𝒢𝒢Γ (the restriction of 𝒢𝒢Ω to 
Γ). The augmented dual grid is built by joining volume and boundary grids as ?̃?𝒢ΩΓ = ?̃?𝒢Ω ∪ ?̃?𝒢Γ 
[14]. The following incidence matrices are defined for discretization on dual grids: 𝐆𝐆Ω (edges 
to nodes on 𝒢𝒢Ω), ?̃?𝐃Ω = −𝐆𝐆ΩT  (volumes to faces on ?̃?𝒢Ω), ?̃?𝐃ΩΓ (volumes on ?̃?𝒢 to faces on on ?̃?𝒢Γ).   
For the mechanical problem the following arrays of DoFs are defined for any 𝑖𝑖–th spatial 
component (with 𝑖𝑖 = 1 … 𝑑𝑑): displacements on primal nodes 𝑛𝑛, 𝐬𝐬𝑖𝑖 = (𝑠𝑠𝑛𝑛𝑖𝑖 ); line integrals of the 
displacement gradient 𝑥𝑥𝑘𝑘ℎ = 𝑠𝑠𝑘𝑘,ℎ along primal edges 𝑒𝑒,  𝐱𝐱𝑖𝑖 = (𝑥𝑥𝑒𝑒𝑖𝑖 ), where 𝑥𝑥𝑒𝑒𝑖𝑖 = ∫𝑒𝑒 x
𝑖𝑖𝑖𝑖tj 𝑑𝑑𝛾𝛾 and 
tj is unit tangent vector along 𝑒𝑒; fluxes of the stress tensor on dual faces 𝑓𝑓, ?̃?𝐭𝑖𝑖 = (?̃?𝑡𝑖𝑖𝑓𝑓), where 
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?̃?𝑡𝑖𝑖𝑓𝑓 = ∫𝑓𝑓 T𝑖𝑖𝑖𝑖 n
j 𝑑𝑑𝜎𝜎 and nj unit normal vector to face 𝑓𝑓. For the electrostatic problem, arrays of 
DoFs are: electric potentials at primal nodes 𝚽𝚽 = (𝜑𝜑𝑛𝑛); electric voltages along primal edges, 
𝐮𝐮 = (𝑢𝑢𝑒𝑒), where 𝑢𝑢𝑒𝑒 = ∫𝑒𝑒 E
𝑖𝑖 tj 𝑑𝑑𝛾𝛾 is the line integral of the electric field E𝑖𝑖; fluxes of electric 
displacement D𝑖𝑖 on dual faces ?̃?𝐝 = (?̃?𝑑𝑓𝑓), where ?̃?𝑑𝑓𝑓 = ∫𝑓𝑓 D𝑖𝑖 n
j 𝑑𝑑𝜎𝜎. 
3.1 Static coupled problem   
In a FIT scheme, similar to a circuit-like electric problem formulation, topological and 
constitutive relationships have to be constructed in order to fully constrain arrays of DoFs. 
Topological relations on the primal grid for the mechanical and electrical variables are:  
𝐱𝐱𝑖𝑖 = 𝐆𝐆Ω 𝐬𝐬
𝑖𝑖,                    (3) 
𝐞𝐞 = −𝐆𝐆Ω 𝚽𝚽,                    (4) 
The topological relationships for the dual grid are the equilibrium equations for electrostatics and 
mechanics:  
 
?̃?𝐃Ω ?̃?𝐭𝑖𝑖 + ?̃?𝐃ΩΓ ?̃?𝐭Γ,𝑖𝑖 = 𝐟𝐟𝑖𝑖,                                                 (5) 
?̃?𝐃Ω ?̃?𝐝 + ?̃?𝐃ΩΓ ?̃?𝐝Γ = ?̃?𝐪,                                              (6) 
 
where ?̃?𝐭Γ,𝑖𝑖, ?̃?𝐝Γ are stress tensor and dielectric displacement fluxes on the boundary dual faces, 
𝐟𝐟𝑖𝑖 = (𝑓𝑓𝑖𝑖) is the array of external body forces.  
By integrating on dual faces strain tensor and electric displacement in (1) and (2), the 
following discrete relationships are obtained:  
 
?̃?𝐭𝑖𝑖 = 𝐂𝐂𝑖𝑖𝑖𝑖 𝐱𝐱
𝑖𝑖 − 𝐄𝐄𝑖𝑖 𝐞𝐞,                (7) 
 ?̃?𝐝 = 𝐄𝐄𝑖𝑖T𝐱𝐱𝑖𝑖 + 𝜺𝜺 𝐞𝐞,                (8) 
 
where 𝐂𝐂𝑖𝑖𝑖𝑖 = (𝑐𝑐𝑖𝑖𝑖𝑖,𝑒𝑒𝑒𝑒′), 𝐄𝐄𝑖𝑖 = (𝐸𝐸𝑖𝑖,𝑒𝑒𝑒𝑒′), 𝜺𝜺 = (𝜀𝜀𝑒𝑒𝑒𝑒′) are respectively the elastic, piezoelectric, 
dielectric constitutive matrices, all of size 𝐸𝐸×𝐸𝐸. These matrices are assembled from local 
matrices constructed as described in [6].  
For instance, the elastic matrix is obtained as follows. For a given tetrahedron 𝜏𝜏, edge vectors 
and dual face vectors (within the tetrahedron), depicted in Fig. 1, are computed for any primal 
edge. By assuming an affine displacement distribution within any tetrahedron 𝜏𝜏, the 
displacement gradient is uniform within 𝜏𝜏. For any edge 𝑒𝑒(𝜏𝜏) of 𝜏𝜏, this becomes 𝑥𝑥𝑒𝑒(𝜏𝜏)
𝑖𝑖 =
∫
𝑒𝑒(𝜏𝜏)
x𝑖𝑖𝑖𝑖tj 𝑑𝑑𝛾𝛾 = x
𝑖𝑖𝑖𝑖L𝑒𝑒(τ),j, where L𝑒𝑒(τ),j is the edge vector related to 𝑒𝑒(𝜏𝜏). In the same way, the 
stress flux for any dual face portion within 𝜏𝜏, 𝑓𝑓(𝜏𝜏), becomes ?̃?𝑡𝑖𝑖𝑓𝑓(𝜏𝜏) = ∫𝑓𝑓(𝜏𝜏) T𝑖𝑖𝑖𝑖 n
j 𝑑𝑑𝜎𝜎 = T𝑖𝑖𝑖𝑖 Ã(𝜏𝜏)
 j , 
where  Ã(𝜏𝜏)
 j  is the area vector related to 𝑓𝑓(𝜏𝜏). By noting that for a single tetrahedron three DoFs 
(displacement gradients) are independent only, previous relationships can be cast in matrix 
form, that is: 𝐒𝐒(𝜏𝜏) = 𝐏𝐏(𝜏𝜏) 𝐱𝐱(𝜏𝜏) , where 𝐒𝐒(𝜏𝜏) is the vector (written in Voigt notation) of strain tensor 
components, 𝐏𝐏(𝜏𝜏)  is a (6 x 18) linear mapping constructed as described in (4), and 𝐱𝐱(𝜏𝜏) is the 
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(18 x 1) vector of displacement gradient line integrals;  ?̃?𝐭(𝜏𝜏) = ?̃?𝐀(𝜏𝜏) 𝐓𝐓(𝜏𝜏), where ?̃?𝐭(𝜏𝜏) is the (18 x 
1) stress flux local vector, ?̃?𝐀(𝜏𝜏) is the  (18 x 6) area matrix, and 𝐓𝐓(𝜏𝜏) is the vector (written in 
Voigt notation) of stress tensor components. Similarly, local constitutive equation Tij =
cijkh
E  Skh becomes 𝐓𝐓(𝜏𝜏) = 𝐂𝐂(𝜏𝜏)
𝐄𝐄  𝐒𝐒(𝜏𝜏) in matrix form. By combining previous relationships, the 
discretized local constitutive matrices 𝐂𝐂(𝜏𝜏) = ?̃?𝐀(𝜏𝜏)𝐂𝐂(𝜏𝜏)
𝐄𝐄 𝐏𝐏(𝜏𝜏) are obtained. The global constitutive 
matrix 𝐂𝐂𝑖𝑖𝑖𝑖 is finally derived by assembling local matrices over the whole mesh. 
 
 
Figure 1: Primal edge 𝑒𝑒(𝜏𝜏) within a tetrahedron 𝜏𝜏 and its corresponding dual face 𝑓𝑓(𝜏𝜏) (shaded in color). The dual 
face vertices are the cell centroid 𝑔𝑔, the face centroids 𝑓𝑓1, 𝑓𝑓2, and the edge centroid 𝑒𝑒. 
 
By inserting (7) and (8) in (5) and (6), respectively, and by using displacement and potentials 
as unknown variables by means of (3) and (4), a coupled linear system is obtained: 
 
(
𝐊𝐊𝟏𝟏𝟏𝟏 ⋯ 𝐊𝐊𝟏𝟏𝒅𝒅 𝐊𝐊𝟏𝟏𝟏𝟏
⋮ ⋱ ⋯ ⋮
𝐊𝐊𝟏𝟏𝒅𝒅
𝐓𝐓 ⋯ 𝐊𝐊𝒅𝒅𝒅𝒅 𝐊𝐊𝒅𝒅𝟏𝟏
𝐊𝐊𝟏𝟏𝟏𝟏
𝐓𝐓 ⋯ 𝐊𝐊𝒅𝒅𝟏𝟏
𝐓𝐓 𝐊𝐊𝟏𝟏𝟏𝟏
)(
𝐬𝐬𝟏𝟏
⋮
𝐬𝐬𝒅𝒅
𝟏𝟏
) =
(
 
 
−𝐟𝐟𝛀𝛀,𝟏𝟏 + ?̃?𝐃𝛀𝛀𝛀𝛀??̃?𝐭𝛀𝛀,𝟏𝟏
⋮
−𝐟𝐟𝛀𝛀,𝒅𝒅 + ?̃?𝐃𝛀𝛀𝛀𝛀??̃?𝐭𝛀𝛀,𝒅𝒅
−?̃?𝐪 + ?̃?𝐃𝛀𝛀𝛀𝛀 ?̃?𝐝𝛀𝛀 )
 
 
 ,                            (9) 
 
where 𝐊𝐊𝑖𝑖𝑖𝑖 = 𝐆𝐆T𝐂𝐂𝑖𝑖𝑖𝑖𝐆𝐆 is the mechanical stiffness matrix, 𝐊𝐊𝑖𝑖𝑖𝑖 = −𝐆𝐆T𝐄𝐄𝑖𝑖 𝐆𝐆 is the the electro-
mechanical stiffness matrix, and 𝐊𝐊𝑖𝑖𝑖𝑖 = −𝐆𝐆T𝛆𝛆 𝐆𝐆 is the the electrostatic stiffness matrix. The 
final coupled matrix system (9) can be written in compact form as 𝐊𝐊 𝐱𝐱 = 𝐟𝐟, where the solution 
vector is 𝐱𝐱 = (𝐬𝐬1,… , 𝐬𝐬d,𝟏𝟏)
𝐓𝐓
. A direct solver is applied to (9) after imposing Dirichlet 
(displacements) and Neumann (tractions) boundary conditions. 
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3.1 Dynamic coupled problem    
Steady state FIT formulation can be extended to dynamic coupled piezoelectric problems 
adding inertia forces and dumping.  
The inertia force on the i-th dual volume ?̃?𝜏𝑗𝑗 is given by 𝑓𝑓𝑖𝑖 = ∫ 𝜌𝜌 𝑔𝑔𝑖𝑖(𝑥𝑥) 𝑑𝑑𝜏𝜏?̃?𝜏𝑗𝑗 , where  𝑔𝑔𝑖𝑖  the i-th 
component of the acceleration and 𝜌𝜌 the mass density. The mass matrix 𝐌𝐌𝜌𝜌 = (∫ 𝜌𝜌 𝑑𝑑𝜏𝜏?̃?𝜏𝑗𝑗 ), of 
size 𝑁𝑁×𝑁𝑁, is diagonal in FIT. According to Rayleigh’s theory, damping matrices (for 
mechanical problem only) are defined as a linear combination of mass and stiffness matrices, 
that is 𝐃𝐃𝜈𝜈,𝑖𝑖𝑗𝑗 = 𝛼𝛼 𝐌𝐌𝜌𝜌 + 𝛽𝛽 𝐊𝐊𝑖𝑖𝑗𝑗 where 𝛼𝛼 and 𝛽𝛽 are damping coefficients defined experimentally.  
The dynamic behaviour of the coupled piezoelectric problem in discrete form is then described 
by the following second order ordinary differential equation (ODE) system: 
 
𝐌𝐌 ?̈?𝐱 + 𝐃𝐃 ?̇?𝐱 + 𝐊𝐊 𝐱𝐱 = 𝐟𝐟,                     (10) 
 
where:  
  
𝐌𝐌 = (
𝐌𝐌𝝆𝝆 ⋯ 𝐎𝐎 𝐎𝐎
⋮ ⋱ ⋮ ⋮
𝐎𝐎 ⋯ 𝐌𝐌𝝆𝝆 𝐎𝐎
𝐎𝐎 ⋯ 𝐎𝐎 𝐎𝐎
),   𝐃𝐃 = (
𝐃𝐃𝝂𝝂,𝟏𝟏𝟏𝟏 ⋯ 𝐃𝐃𝝂𝝂,𝟏𝟏𝒅𝒅 𝐎𝐎
⋮ ⋱ ⋮ 𝐎𝐎
𝐃𝐃𝝂𝝂,𝟏𝟏𝒅𝒅
𝐓𝐓 ⋯ 𝐃𝐃𝝂𝝂,𝒅𝒅𝒅𝒅 𝐎𝐎
𝐎𝐎 𝐎𝐎 𝐎𝐎 𝐎𝐎
), 
 
and matrix 𝐊𝐊 is defined in (9). The ODE system (10) is solved by the Newmark- integration 
scheme, that is the responses after time Δt, i.e. 𝐱𝐱𝑛𝑛+1, ?̇?𝐱𝑛𝑛+1, ?̈?𝐱𝑛𝑛+1, are calculated from those at 
the previous time step, i.e. 𝐱𝐱𝑛𝑛, ?̇?𝐱𝑛𝑛, ?̈?𝐱𝑛𝑛 and from the rhs 𝐟𝐟𝑛𝑛+1, as 
 
𝑨𝑨𝑛𝑛+1 ?̈?𝐱𝑛𝑛+1 = 𝐛𝐛𝑛𝑛+1,                     
            ?̇?𝐱𝑛𝑛+1 = ?̇?𝐱𝑛𝑛 + (1 − 𝛾𝛾)Δ𝑡𝑡 ?̈?𝐱𝑛𝑛 + 𝛾𝛾Δ𝑡𝑡 ?̈?𝐱𝑛𝑛+1,   
𝐱𝐱𝑛𝑛+1 = 𝐱𝐱𝑛𝑛 + Δ𝑡𝑡 ?̇?𝐱𝒏𝒏 + Δ𝑡𝑡
2 [(
1
2
− 𝛽𝛽) ?̈?𝐱𝑛𝑛 + 𝛽𝛽 ?̈?𝐱𝑛𝑛+1],                 (11) 
 
where:  
                          𝑨𝑨𝑛𝑛+1 =  𝐌𝐌 + 𝛾𝛾Δ𝑡𝑡 𝐃𝐃 + 𝛽𝛽Δ𝑡𝑡
2𝐊𝐊 ,  
                       𝐛𝐛𝑛𝑛+1 = 𝐟𝐟𝑛𝑛+1 − 𝐊𝐊 𝐱𝐱𝑛𝑛 − (𝐃𝐃 + Δ𝑡𝑡 𝐊𝐊) ?̇?𝐱𝒏𝒏 − [(1 − 𝛾𝛾)Δt 𝐃𝐃 + Δt2 (
1
2
− 𝛽𝛽) 𝐊𝐊] ?̈?𝐱𝑛𝑛. 
The iterative time-stepping integration algorithm is proved to be unconditionally stable and 
convergent for a proper choice of parameters 𝛾𝛾 and 𝛽𝛽 such that 4𝛽𝛽 ≥ 2𝛾𝛾 ≥ 1 [15].  
3 NUMERICAL RESULTS 
The static FIT model is validated by FEM results (COMSOL Multiphysics) on a 2-D test 
case consisting in a multilayered PVDF bimorph beam used as an actuator, under an external 
voltage excitation. The dynamic FIT model is validated on a 3-D test case consisting in a 
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multilayered PZT bimorph cantilever harvester excited by a force impulse (e.g. which is typical 
for devices mounted within tires) and in electrical open circuit conditions.  
3.1 PVDF bimorph beam   
The piezoelectric actuator presented in [16] is considered for validating the 2-D FIT static 
model (𝑑𝑑 = 2). The plane stress assumption holds in fact with thin structures. The bimorph 
beam (size 20×5×1 mm) consists of two piezo PVDF layers (0.5 mm thick each) with opposite 
polarity. A constant potential is applied to top and bottom sides of the cantilever (the bottom 
side is the mass electrode). Clamping BCs are applied to one end and deflection due to external 
voltage is then computed.  
The bimorph beam model is discretized by FIT into 20,116 triangles. The assembly time for 
the discretized FIT model (30,982 unknowns) is 1.46 s. The system solution with direct solver 
requires 0.46 s on a Intel Core i7 processor (2.70 GHz). 
Fig. 2 shows the tip displacement for applied voltages varying from 0 V up to 200 V. FIT 
results are compared with data provided in [16], showing a very good agreement. The FEM 
model proposed by Park is fully 3-D, being based on plate bending elements. Other data used 
for comparison are obtained from experimental measurements and 1-D analytical modelling.  
 
 
 
Figure 2: Tip displacement along the z-axis vs. applied voltage (experimental, FEM, and analytical data are 
provided in [16] for the actuator test case; FIT data are computed by a 2D FIT in-house code). 
3.2 PZT bimorph cantilever 
In order to validate the 3-D FIT dynamic model (𝑑𝑑 = 3) a commercial piezo energy harvester 
for feeding ultra-low power electronic devices is considered. This can be used e.g. for supplying 
wireless sensors used in tire pressure monitoring systems [17]. The bimorph beam, with size 
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25.4 x 3.81 x 0.72 mm, has a complex multi-layered structure: two inner piezo layers (0.18 mm 
thick each) with opposite polarization, made of lead zirconate titanate (PZT-5A), are used for 
charge generation, and two external layers of FR4 composite material (epoxy) are used to 
provide structure stiffness. The intermediate layer of Espanex (copper conductor) is not 
included in the CAD geometry and is modelled simply by assuming a circuit terminal condition. 
The cantilever is excited by a vertical inertia force impulse, of sinusoidal waveform, to simulate 
the typical excitation experienced by the harvester mounted inside a rotating tire [18]: 
𝑔𝑔𝑧𝑧(𝑥𝑥, 𝑡𝑡) = −𝜌𝜌 𝑃𝑃 rect (
𝑡𝑡
𝛿𝛿
) sin (𝜋𝜋
𝑡𝑡
𝛿𝛿
),         (12) 
where 𝜌𝜌 is the mass density, 𝑃𝑃 the pulse amplitude, rect is the unit rectangular function, and 𝛿𝛿 
is the pulse width. Constant (unknown) potentials are imposed at top and bottom sides of the 
piezo structure. Clamping boundary conditions are applied to one end of the cantilever. 
The displacement and voltage system responses are simulated by 3-D FEM and the 3-D FIT 
dynamic model illustrated in Section 2. FIT formulation is coded in Matlab® in a vectorized 
language style to speed-up computations. The model geometry is meshed into 160,948 
tetrahedrons, 203,882 edges, and 32,369 nodes. First order elements are used for mechanics and 
electrostatics coupled physics with FEM, whereas affined basis functions are used with FIT. 
Note that a transient 3-D FEM model with second order elements, for the test case considered, 
is computationally unfeasible due to the huge number of DoFs. The assembly time for the 
discretized FIT model (106,639 unknowns) is 30.02 s. The system solution at each time step 
requires 7.29 s on the same machine as above. To finely resolve the electromechanical transient, 
a sufficiently small time step Δ𝑡𝑡 = 0.005 𝛿𝛿 is set for both FEM and FIT, with 𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚 = 10 𝛿𝛿 
analysis time. Different integration schemes are used: BDF (5th order backward differentiation, 
to get an accurate integration) for COMSOL® and Newmark-𝛽𝛽 for FIT. The simulation time 
of transient analysis is 4 h 23 min for the COMSOL® solver and 4 h 28 min for the FIT code. 
Electromechanical constitutive tensors for FR4 and PZT-5A are taken from the COMSOL® 
material library. Other relevant parameters for simulations are 𝑃𝑃 = 9.81 m/s2, 𝛿𝛿 = 1.5 ms for 
the force impulse, and  = 0 s1,  = 4106 s for damping. 
In order to compare FEM and FIT analyses the open circuit voltage and the displacement at 
the center of the cantilever are computed. Fig. 3 and 4 show that FIT time responses agree very 
well with FEM, even though different time integrators have been used. Maximum discrepancy 
values between FEM-FIT distributions are 0.21 % for voltage and 0.20 % for displacement.  
Finally, spatial solutions at the last time step are compared to estimate overall accuracy of 
the FIT model. A horizontal line of coordinates x = [0, 25.4] mm, y = 1.905 mm, z = 0.36 mm, 
placed along the cantilever horizontal axis, is considered (Fig. 5). Fig. 6 and 7 show that profiles 
of the zaxis displacement component, computed along the beam axis for the most significant 
time steps 𝑡𝑡 = 𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚/2 and 𝑡𝑡 = 𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚 , agree very well with FEM. Maximum discrepancy values 
between FEM-FIT distributions are 0.05 % (𝑡𝑡 = 𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚/2) and 0.02 % (𝑡𝑡 = 𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚), respectively.  
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Figure 3: Open circuit voltage response for 1g acceleration pulse (3-D FEM: straight line, 3-D FIT: 
markers). 
 
 
Figure 4: zaxis displacement component at the center of the cantilever for 1g acceleration pulse (3-D FEM: 
straight line, 3-D FIT: markers). 
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Figure 5: Horizontal line along the beam axis (x = [0, 25.4] mm, y = 1.905 mm, z = 0.36 mm; red color).  
 
 
Figure 6: zaxis displacement component along the beam axis at the time step 𝑡𝑡 = 𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚/2 (evaluated at 
points on x = [0, 25.4] mm, y = 1.905 mm, z = 0.36 mm; 3-D FEM: straight line, 3-D FIT: markers).  
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Figure 7: zaxis displacement component along the beam axis at the last time step 𝑡𝑡 = 𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚  (evaluated at 
points on x = [0, 25.4] mm, y = 1.905 mm, z = 0.36 mm; 3-D FEM: straight line, 3-D FIT: markers). 
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12 CONCLUSIONS 
This work demonstrates that FIT, for tetrahedral meshes, also extends to piezoelectric 
problems by assuming a local affine displacement vector field. The building strategy for local 
constitutive matrices is similar to that one used for elastic problems. In such a way, topological 
and constitutive relationships are split and the construction of the final coupled system becomes 
simpler and can be solved in a matrix-oriented numerical environment such as Matlab. Test 
cases show that FIT code is accurate and reliable even with 3-D numerical models of 
commercial cantilevers, exhibiting a complex multilayered and multi-material structure. 
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